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Abstract 

TV-point functions of holomorphic fields in rational conformal field the- 
ories can be calculated by methods from complex analysis. We establish 
explicit formulas for the 2-point function of the Virasoro field on hyper- 
elliptic Riemann surfaces of genus g > 1. iV-point functions for higher TV 
are obtained inductively, and we show that they have a nice graph repre- 
sentation. We discuss the 3-point function with application to the (2, 5) 
minimal model. 
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1 Introduction 



Quantum field theories are a major challenge for mathematicians. Apart from 
cases without interaction, the theories best understood at present are confor- 
mally invariant and do not contain massive particles. 

Conformal field theories (CFTs) can be defined over arbitrary Ricmann sur- 
faces. A theory is considered to be solved once all of its Appoint functions are 
known. The case of the Riemann sphere is rather well understood. 

The present paper establishes explicit formulas for the 2-point functions of 
the Virasoro field over some specific class of genus-g Riemann surfaces X g) where 
g > 1. A-point functions for A > 3 are obtained inductively from these. We 
show that they can be written in terms of a list of oriented graphs with A 
partially linked vertices which is complete under some natural condition. 

Much has been achieved previously for conformal field theories over the torus 
X\ (e.g., [5]), the case g > 1 is technically more demanding though. Some first 
steps have been made ([3], [3], [5] and more recently, [5]) using operator vertex 
algebras. Quantum field theory on a compact Riemann surface of any genus 
can be approached differently using methods from algebraic geometry pQ and 
complex analysis. A-point functions of holomorphic fields are meromorphic 
functions. That is, they are determined by their poles and their respective 
behaviour at infinity. By compactness of X g , these functions admit a Laurent 
series expansion whose principal part has finite length. 

2 Rational coordinates 

Let X\ be a compact Riemann surface of genus g = 1. Such manifold is bi- 
holomorphic to the torus C/A (with the induced complex structure), for the 
lattice A spanned over Z by 1 and some r 6 H + , unique up to an SL(2,Z) 
transformation. Here H + denotes the upper complex half plane. We denote by 
z the local coordinate on X\ . A-point functions on X\ are elements of the field 
K[X\) = C(p, p') of meromorphic functions over Xi, which is generated over 
C by the Weierstrass function p (with values p(z\r)) associated to A and its 
derivative p' = dp/dz. Instead of with z we shall work with the pair of complex 
coordinates 

x = p(z), y = p'(z), (r fixed), 

satisfying 

y 2 = 4(.t 3 - 15G 4 a; - 35G 6 ). (1) 

Here Gik for fc > 2 are the holomorphic Eisenstein series. We compactify X\ 
by including the point x = oo (corresponding to z = mod A), and view x as 
a holomorphic function on C/A with values in Pj.. y = p'(z) defines a double 
cover of Pj. . 

If g > 1, one can write X g as the quotient of H by a Fuchsian group, but 
working with a corresponding local coordinate z becomes difficult. We shall 
consider hyperelliptic Riemann surfaces X g only, where g > 1. Such are defined 

by 

X g ■ y 2 =p{x), 
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where p is a polynomial of degree n = 2g + 1 (the case n = 2g + 2 is equivalent 
and differs from the former by a rational transformation of C only) . We assume 
p has no multiple zeros and so X g is regular. A generic point on X g is determined 
by a tuple {x, y) £ C 2 . Locally we will work with one complex coordinate, either 
x or y. A coordinate out of the set of x and y is locally a good coordinate if 
the other can be recovered from it. The Inverse Function Theorem cannot be 
applied to non-contractible neighbourhoods or close to any ramification point. 
X is a good coordinate away from the ramification points, whereas y is a good 
coordinate away from the locus where p' = 0. 



Let X g be a connected Riemann surface of genus g > 1. We don't give a 
complete definition of a meromorphic conformal field theory [5] here, but the 
most important properties are as follows: 

1. We consider a vector bundle J- over X g of infinite rank. That is, for any 
sufficiently small open set U C X g , F\u = U x F, where F is an infinite 
dimensional complex vector space. Thus the fiber over z £ X g is the 
vector space T z which locally is F. We postulate that every choice of a 
chart U — > C, together with a complex coordinate on U, yields a canonical 
trivialisation of T . Such open set U will be referred to as a coordinate 
patch. Local sections in T are called holomorphic fields. To every field 
f there is associated a natural number h(tp), called the dimension of ip. 
This induces a grading F = Q) heN F(h), where F(0) — C, and we assume 
that for any ho G N, 



We postulate that for any z £ X g , the ascending filtration of T z associated 
to the grading does not depend on the choice of the coordinate patch 
containing z. Since in a conformal field theory fields of finite dimension 
only are considered, it is sufficient to deal with finite sums. 

2. For i = 1, 2, let Xi be a Riemann surface and let Ti be a rank rj vector 
bundle over Xi. Let p*Fi be the pullback bundle of T% by the morphism 

Pi : X\ x X 2 — >• Xi. Let 



be the rank r\r 2 vector bundle whose fiber at (z±, z%) £ XiX X 2 is J-i, Zl <£> 
J~2.z 2 - We are now in position to define iV-point functions for bosonic 
fields. Let J- be the vector bundle introduced in point [T] A state is a 
multilinear map 



where S*(J-) denotes the restriction of the symmetric algebra S(J-) to 
fibers away from the partial diagonals 



3 The Virasoro OPE 




T 2 \=<p\T\ ®p\T 2 



C 



A w := {Oi-.., z N ) £ X \ zi = zj, for some i ^ j}, 
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for any TV € N. Locally, over any U N C A^ \ A^r such that C/ admits 
local coordinates, a state is the data for any TV 6 N of an TV-linear map 

( ) : [["xf®" -> C 

(Zi, (fi) IE1 ... K {zn,¥n) ' ^ (^l(zi) O ... O <Pn{zn)) 

which is compatible with the OPE. This condition will be explained in 
point [5j 

Remark 1. The standard physics' notation for this object is 

((pi(z 1 )...ip N (z N )) 

(i.e., tensor product omitted). We shall adopt this notation but keep in 
mind that each Zi lies in an individual copy of U whence the <pi(zi) are 
elements in different copies of F and multiplication is meaningless. 

Since each ipi is defined over U, we may view (ipi(z\) ... ip n (zN)} as a 
function of (zi,...,Zn) G U N . We call it the N -point function of the fields 
ipi,...,tp N over U. 

3. Fields are understood by means of their TV-point functions. A field ip is 
zero if all TV-point functions involving ip vanish. That is, for any TV e N 
and any holomorphic fields p 2l ■■<fNj (^(zi) ••• <Pn(zN)) — for any state. 
ip is holomorphic if -g=tp = 0. 

4. For any TV € N and whenever ipi, <£jy are holomorphic fields over a coor- 
dinate patch U, we postulate that the TV-point function (pi(z\) ... <y9„(z/v)) 
is meromorphic in z\ and has a Laurent series expansion about z\ = z 2 
given by 

(^l(zi) ... <P>n(z N )) = ^ ( Z l ~ Z2) m (N m (p 1 ,(p 2 ){z 2 ) <P3(z 3 )...<p n (z N )), 

m>mo 

(2) 

for some mo G Z. Here N m (ipi, <p 2 ) is a holomorphic field in z 2 , of dimen- 
sion h(<pi) + h(<p 2 ). Note that N m (<pi, ip 2 ) does not depend on the fields 
ip3, ipN and the positions (2:3, .., z^) G U N ~ 2 . Symbolically we write 

<Pi(zi)<p 2 (z 2 ) ^ ^ (zi - z 2 ) m N m ((pi,ip 2 )(z 2 ), 

m>mo 

and call the arrow the operator product expansion (OPE) of ip\ and <p> 2 . 

Remark 2. Physicists write an equality here. Recall however that ® is 
understood on the l.h.s. 

The OPE can be defined wherever local coordinates are available. 

5. While fields and coordinates are local objects, states contain global in- 
formation. A state is said to be compatible with the OPE (cf. point 
[5]), if for every coordinate patch U and for every TV € N, identity @ 
holds true, for any choice of holomorphic fields ipi, ipjsr over U and any 
(zi, .., zjy) G U . In particular, the TV-point function of a compatible state 
has the poles at z\ = z 2 prescribed by the OPE. We postulate that every 
OPE admits compatible states. 
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6. When the transition between different coordinate patches (open subsets of 
K 2 ) is given by conformal maps, the theory should be conformally invari- 
ant. In conformal field theories, one demands the existence of a Virasoro 
field. It is a holomorphic field T defined by the condition [7] 

N- 1 (T,<p) = d<p, 

for all holomorphic sections ip £ T(U x F). Here d denotes the ordinary 
derivative of fields. T has dimension h = 2 (its one-point function is a 
holomorphic two- form). 

The OPE is a local statement that holds in any coordinate patch. When 
written in local coordinates z and w so that its singular part is symmetric, the 
Virasoro OPE reads 

T(z)T{w) ^ Ct2 1 + 1 (T(z) + T(w)) + *(«;) + 0(z - w). (3) 

I /C> (Ju J I UU ) 

Thus $ = N {T,T) - 1 is the identity field which is holomorphic of 

dimension h — (its one-point function is a complex number). The coefficient 
c is referred to as the central charge of the theory, 

c = 1 — — , where p, q £ Z, gcd(p, q) = 1. 

pq 

Example 1. A model is minimal if it has only finitely many non-isomorphic ir- 
reducible lowest (or highest) weight representations; for the (p, q) minimal model 
the number is 

(P -1)(«-1) 



We will be particularly interested in the (2, 5) minimal model. This is the sim- 
plest minimal model with just two irreducible representations, namely for the 
lowest weight h = (vacuum representation (1) ) and for h — — i. The space of 
states is spanned by (1) and (T) . 

Let us recapitulate the behaviour of T under coordinate transformations. 

Definition 3. Given a holomorphic function f with derivative f , we denote by 

cm •= f - 3[/ " ]2 

[J1 ' /' 2[/'P 
the Schwarzian derivative of f. 

The Schwarzian derivative S has the following well-known properties: 

1. S(\f) = S(f),V\£C,f£V(S). 

2. Suppose / : — > is a linear fractional transformation, 

« « / \ az + b (a b\ „, „. 

f:z^f(z) = — —, [ c ]G5i(2,Z). 



Then / G T>{S), and S(f) 
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3. Let f,g € T>(S) be such that / o g is defined and lies in T>(S). Then 
S(/o S ) = [ 5 '] 2 5(/)o g + 5( 5 ). 

Remark 4. Le£ p,y & T>(S) with y 2 — p(x). Then by the properties^ and\3\ of 
the Schwarzian derivative, 

S(y) = S( P ) + 1 

Lemma 5. Lei T 6e t/ie Virasoro field in the coordinate x. We consider a 
coordinate change x H ► x(x) smc/i i/iai x € T>(S), and set 

f(x)[xf = T-^S(x), (5) 

T/ien T satisfies the OPE in x. 

It can be shown that T(x) is the only such field. 

Proof. Direct computation. □ 

Corollary 6. Let X g be a Riemann surface of genus g > 2. Given a state (...) 
on X , there is a coordinate patch U C X with local coordinate z such that (T(z)} 
defines a section in the vector bundle (T*U)® 2 . 

The theory assumes that this section is holomorphic. 

Proof. For g > 2, X can be realised as H + /r, where T is a Fuchsian group. The 
Schwarzian derivative of a linear fractional map is zero, (property^. Eq. ([5]) 
shows that (T(z)) dz 2 has the correct transformation behaviour. □ 

Example 2. Let g = 1. Then T*X is trivial and {T{z)) is a constant. 

Let X g be a Riemann surface of genus g > 2. By the Riemann- Roch Theo- 
rem, 

dim c H ((T*Xf 2 ) = 3( 5 -l). 



P_ 

.P. 



where S(p) 



P_ 

P' 



(4) 



4 Calculation of the 1-point function 

Associate to the hyperelliptic surface X its field of meromorphic functions K = 
C[x, y]/(y 2 — p(x)}. Then K is a field extension of C of trancendence degree 
one, and the two sheets are exchanged by a Galois transformation. 
In what follows, we set 

n 

p(x)=]Ta fc z"- fc , (6) 

k=0 

where n = 2g + 1, or n = 2g + 2. 

Theorem 1. (On the Virasoro one-point function) 

Let 

X g : y 2 =p(x) 
be a regular Riemann surface of g > 1. 



G 



1. Suppose n is even. Then as x — > oo, 



(T(x)) 



„-4 



X 



Ifn is odd, then as x — > oo, 



(T(x)) = ^x- 2 (l) + 0(x- 3 ), 



2. We have 



p(T(x)) = -^^(l) + ±P(x,y), (7) 

where P{x, y) is a polynomial in x and y. More specifically, we have the 
Galois splitting 

P(x,y) = P < - G - even \x)+yP {G - odd) (x). (8) 

Here p(G-even)^ { s a polynomial of degree n — 2 with the following prop- 
erty: 



p(G-even) _|_ c [p'] 2 ^\ 



= 0. 

>n-4 



(a) Ifn is even, 

(b) Ifn is Odd, [p(G-even) + c ^2 ^ ^ = Q 



p(G-odd) j s fl p ly nom i a l f degree ^ — 4 i/n is even, and — 3 i/ n is 
odd, provided g > 3. 

5. Le£ g > 2. Then the space of (T(x)) has dimension 3(g — 1). 

Remark 7. TTie number of degrees of freedom in Theorem ] 11SH for g > 2 eguals 
the dimension of the automorphism group of the Riemann surface X g , which in 
genus g = and g = 1 is dimcSL(2,C) = 3 and dimc(C, +) = 1, respectively. 

Proof. 1. For x — > oo, we change coordinate x by S(a;) := -. By 

property [2] of the Schwarzian derivative, S(x) = identically, and 



T(x) = f(x) 



dx 2 
dx 



where [^f] 2 = x 4 . If n is even, then x is a good coordinate, so (T(x)) is 
holomorphic in x. If n is odd, then we may take y := \fi as coordinate. 
|| = — is -1 ' 5 , and according to eq. © and eq. 

T(x) = ^- 2 +f(y)iar- 3 1 (9) 

where (T(y)) is holomorphic in y. 

2. (T(x)) is a meromorphic function of a; and j/ over C, whence rational in 
cither coordinate. The ring C[a;,y] of polynomials in x and y is a vector 
space over the field of rational functions in x, spanned by 1 and y. Thus 
we have a splitting 

(T(x)) = (T(x)) (G -° von) + y(T(x)) (G - odd) . (10) 
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(TO)) is 0(1) in x iff this holds for (T(a;))( G - CVGn ) and for t/(T(a;)} (G " odd) 
individually, as there can't be cancellations between Galois-even and Galois- 
odd terms. We obtain a Galois splitting for (T(y)) by applying a rational 
transformation to (T(x)). From ([5]) and ^ follows 

p(T(a;)) (G-cvcn) = C J^P + IpCG-evea)^^ 

32 p{x) 4 

p(T(x)) (G-odd) = lp(G-odd) (a;)j 

where p(G-cven) an d p(G-odd) are ra ti ona i functions of x. We have 

_ p(G-even) 

4 

= P (T(x))( G — ) - ^(1)^ = \[p'?(f(y)) {G - cv ^ + ^(l)pS(p). 

The l.h.s. is O(l) in a; for finite a; and away from p = (so wherever a; is 
a good coordinate) while the r.h.s. is holomorphic in y(x) for finite x and 
away from p' = (so wherever y is a good coordinate). The r.h.s. does 
not actually depend on y but is a function of x alone. Since the loci p = 
and p' = do nowhere coincide, we conclude that p(G-cvcn) i s an entire 
function on C. It remains to check that p( G - cvcn ) has a pole of the correct 
order at x — oo. We have 

= n 2 a x n - 2 + n(n - 2)a 1 x n ~' i + 0(x"~ 4 ). (11) 



(a) If n is even, then p(T(a;))( G - ovon > = 0(a:™~ 4 ) as x ->■ oo, by part □ 
By eqs and (fTTj) , p( G ~ evon ) (a;) has degree n — 2 in x. Moreover, 

p(G-ovon)^) 

' (n 2 a x n - 2 + n{n - 1) ai x n ^) (1) + 0(x n - 4 ). (12) 



c 



(b) If n is odd, thenp(T(a;))( G - ovcn ) = ^a x n - 2 (l) +0(x n ~ 3 ) as x ^ oo, 
by eq. ©. Thus p( G - evon ) (a;) has de gree n — 2 in x. Moreover, by 
eq. and eq. ([IT]). 

8 

Likewise, we have 

l y p(G-odd) (a;) =ttp{T(a . )>( C^dd) = l M 2 y( f (y)) (G-odd). 

the l.h.s. is 0(1) in a; wherever a; is a good coordinate while the r.h.s. is 
holomorphic in y wherever y is a good coordinate. Since y is a holomorphic 
function in x and in y away from p = and away from p' = 0, respectively, 
this is also true for 

IpptG-odd)^ 

= p 2 (T(a;))( G - odd ) = ^[p'] 2 (T'(y))( G -° dd ). 
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Now the r.h.s. does no more depend on y but is a function of x alone, so 
the above argument applies to show that pP^ G ~ oAd \x) =: P is an entire 
function and thus a polynomial in x. We have p\P'. 

£ =2/ p(G-odd) (:E)=y[pT(f(y)) (G-odd) 

is holomorphic in y about p = 0. Since P is a polynomial in x, and p has 
no multiple zeros, we must actually have y 2 — p divides P. This proves 
that p( G " odd ) is a polynomial in x. The statement about the degree follows 
from part [T] 

This is a consequence of the Riemann Roch Theorem. Let us choose a 
different approach here: W.l.o.g. n is even. We show the following: 

(a) Let g > 1. Then the space of (T(a;)) (G " cvcn) has dimension 2g - 1. 

(b) Let g > 2. Then the space of (T(x)) (G " odd) has dimension g - 2. 

In the expression for (T(x))^ G ~ evcn \ only p( G - cven ) i s unknown. Since X 
is non-degenerate, we have 



p(G-evcn) ™ , (G-even) 2 5 +2 , 

; X ^ Ua /^v ,(G-even) / 1 



.7; 



,7, 



p(a:) ^ (1 - as*) 

where ^ G ~ ovon) , 6l G " ovon) e C. On the other hand, (T(x)) ~ x~ 4 . (This 
is true for x — !> oo. However, X is a closed surface, so (T(x)) — 0{x~ A ) 
close to any ramification point.) The terms of order > —4 in the equation 
for (T(x)) ( ' G " cvcn ) must drop out. This yields three equations for the set of 
n coefficients 6| G_cvon \ and claim (|3"a|) follows. A similar argument works 
for (T(x))( G - odd \ claim j3b}: Since y 2 = p ~ x 2s+2 , we have 

1 V 



X 4 X9+ 5 ' 

This yields g + 4 conditions on the n coefficients b\ G ~ odd ^ . 



□ 



5 Calculation of the 2-point function 

For the polynomial P = p(G-cvon) + y p(G-odd) defined by eqs Q and ©, we set 



n-2 



It will be convenient to replace p( G ~ cvcn )(x) =: — fll(x) for which we introduce 
even polynomials n( evcn ) and L[( odd ) such that 

n(x) =: n( evon )(x) + xn(° dd ^(x). (13) 

Likewise, there are even polynomials p( ovcn ) and p( odd ' such that 

p( x ) = p( cvcn )(x) +xp (odd) (x). (14) 



9 



Lemma 8. For the polynomials introduced by we have 

p (even) (x 1 )+p ieven) (x 2 ) 




+ P {even) "(V^) 



) 



+ 0((x 1 -x 2 ) i ), 



x 1 p {odd \x 1 )+x 2 p^ odd \x 2 ) 




+ P {odd) "(V^) 



+ 0(( Xl -x 2 ) 4 ). 



Note that the polynomials p (ovcn) ;p (odd) p (evon)" and p (odd)" m are 
are actually polynomials in x\x 2 . 

Proof. Direct computation. The calculation can be shortened by using 

x\ = (1 + e)x, 
x 2 = (1 - e)x, 

where e > 0. □ 

Abusing notations, for j = 1, 2, we shall write pj — p(xj) and Pj = P(xj, yj). 
For any k > and any rational function R(x\,x 2 ) of x\ and x 2 , we denote by 
[R(xx,x 2 )]>k an d [R{xi,x 2 )] >k the projection of R{x\,x 2 ) onto the part of 
degree strictly larger than k in x\ and x 2 , respectively, at infinity. 

Theorem 2. (The Virasoro two-point function) 

Let X g be the hyperelliptic surface 



where p is a polynomial of degree degp = n = 2g + 1, or n — 2g + 2, and g > 1. 
1. For n orfrf, 



X: y 2 =p(x), 



{T{x 1 )T(x 2 )) c p 1 p 2 = 0(x 1 {- 3 ). 



(15) 



TTie connected two-point function of the Virasoro- field is given by 



{T{x l )T(x 2 ))p lP2 - (l)- l (T(xi))(T(x 2 )) PlP2 
= R(xx,x 2 ) +0(1) | xi =x 25 



where R(x\ 1 x 2 ) is a rational function of x±,x 2 and y\,y 2 . 0(1) | 
denotes terms that are regular at x\ — x 2 in the finite region. 
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More specifically, we have 
v>( \ c /i\ P^ 2 



4 



4 (xi - x 2 ) 



c 



x =v (even y (V^) 3, ,^=p (odd) '(V^) 



+ T2 ym{1) [ + 2 (X1 + ' T2) (x, - x 2 ) 2 

s ( Xl -x 2 y {U> 



. 1 / u (odd) . u (odd)\ ( P ieVen) (VxTx^) 1 



(xi-x 2 ) 2 ' 2 V ~ 1 ' (xi-x 2 ) 2 

... ( P {even) " (VxTx^) 1 
+ 32 yiy2(1> I, ( ai - a2 )' + 2 (X1 + " 2) (xx -x 2 ) 2 J 

" 32™ { (xx-x^ + 2 (a?1 + X2) (x^x.) 2 J • 

5. WTien n is odd, 

(T(x 1 )T(x 2 )) PlP2 - (l)- 1 (T(x 1 ))(T(x 2 ))p lP2 
= i?(xi,x 2 ) 

- ia (xr 2 P 2 +x n 2 - 2 Pi) ^(l)(n 2 l)a 2 xr 2 xr 2 

- ^aoxtht'P^ \-,y 2 a^r h xr l P[ odd) 
lb 16 

- A yi a xr f xf + ^P 2 (odd) - A y2aoa; f 
Id Id 

- ± yi a 2 xf -Kt^P^ \-y 2 a 2 xr l xY % P[° dd) 
lo Id 

+ P(°) (xx , x 2 ) + yi P« (xx , x 2 ) + y 2 P< 2 ) (xx , x 2 ) + y lV2 P {1 - 2) (xj , x 2 ) . 
ffere P^ ), pt 1 ' 2 ) and for i = 1,2, pW are polynomials in x\ and x 2 wrt/i 
degP (0) = n — 3 m eachxi, x 2 , 

degP^ = — 3 mxi, degP^ 1 ' = n — 3 mx 2 , 

degP^ 2 ^=n — 3 mxi, degP^ 2 - 1 = U - — 3 mx 2 , 

dcgP^ 1 ' 2 ^ = " - — 3 in eachx\,x 2 . 

Moreover, P^ ), pt 1 * 2 ) and y\P^ + y 2 P^ are symmetric under flipping 
1 H 2. These polynomials are specific to the state. 
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Proof. 1. We have 

(T(x 1 )T(x 2 )) p\p 2 

= [(T(xi)T(x 2 )} Pip 2 ]„_ 2 + [(T(x 1 )T(x 2 )) Pip 2 ]<„_ 3 , 

where according to ^ , 

[(T( Xl )T(x 2 )) PlP2 ] n „ 2 = ^aox n - 2 (T(x 2 )) p 2 

= (l)- 1 [(T(x 1 ))(T(x 2 )) PlP2 } n _ 2 , (18) 

so 

(T( Xl )T(x 2 )) PlP2 - (l)- 1 (T(a;i))<r(s 2 ))p 1 i> 2 

= [(T( Xl )T(x 2 )) PlP2 U n _ 3 - (I)" 1 [(T(x 1 ))(T( 2 ; 2 ))p 1 p 2 ]<„_3 . 

This shows (TTSj) . 

2. The proof is constructive. We build up a candidate and correct it subse- 
quently so as to 

• match the singularities prescribed by the OPE, 

• behave at infinity according to (|15[) . 

• be holomorphic in the appropriate coordinates away from the locus 
where two positions coincide. X is covered by the coordinate patches 
{p^O}, {pVO} and^x- 1 ! <e}. 

The two-point function is meromorphic on X whence rational. So once 
the singularities are fixed it is clear that we are left with the addition of 
polynomials as the only degree of freedom. The key ingredient is the use 
of the rational function 

2/1 + 2/2 

Xi - x 2 ' 

which has a simple pole at x\ = x 2 as y\ — y 2 ^ 0, and is regular for 
(an, 2/i) close to (x 2l ~y 2 ). 

(a) For finite and fixed but generic x 2 , we have 

c 1 (yi +y 2 \ 4 _ c/2 c [p' 2 ] 2 



32pip 2 \%i - x 2 ) {xi-x 2 ) 4 16 p\{x\ - x 2 ) 2 
where O(l) includes all terms regular at x\ — x 2 . Now 



0(1), 



1 1 2/i + 2/2 ^ 2 1 , nn / 1n> 

0{{xi - x 2 ) ), (19) 



4pip 2 \xi - x 2 J p 2 {x\-x 2 



\2 



Thus we make an error of order ~ (x% — x 2 ) 1 only if we replace the 
term ~ (x\ — x 2 )~ 2 in the previous expansion by 

c [p'2} 2 ( 2/1 + 2/ 2 X " 



16 <±p\p 2 \x\ — x 2 
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and symmetrization lifts the error to order O(l). Thus 



C ' 2 (1) 

= ±J_ ( i)(fjft+jg 



4 \Xl -I 2 / \ Pi Pi 



•0(1). (20) 



(b) By eq. (|19p . we may replace the term ~ (xi — ir 2 ) 2 in the two-point 
function obtained from the OPE ([3]) by 



i (m+mV f <T(£i)) + (rfo)) 



(21) 



The distribution of p\ , p 2 is at this stage arbitrary but will be justified 
in part |2c|) . 

(c) (T{x\)T(x2))piP2 diverges where one of x\ and x 2 is not a good 
coordinate. From ([5]) and ((4]) follows 

pT(x) = P W} 2 f(y) + ±pS(p) + 

12 32 p 

_ c \p' \ 



32 p 



terms regular where p = 0. 



Thus we eliminate any such singularity by considering the connected 
two-point function, unless it occurs together with a singularity as x\ 
and X2 coincide. This happens in eq. (|20p . However, adding the term 
([2"Tj) removes the singularity at p\ — 0, by eq. ([7]). 

(d) We conclude that in the region where x\ and a: 2 are finite, we have 

(1)(T(X 1 )T(X2)) CP1 P2 

= (T(x 1 )T(x 2 ))p 1 p2 - (l)- 1 (T(x 1 ))(T(x 2 )) P iP2 

= R i0 \x ll x 2 ) + O(l)\ Xl=X2 , (22) 



where 



R(°\x u x 2 )- C < V1+V2 



32 \xi — X2 
1 ( 2/1 + 2/2 



16 Vxi — a; 2 



^^(Pi + P,). (23) 



and all 0{\)\ Xl=X2 terms are polynomials. 

(e) All terms in (|2"2l which do not comply with (fTSj) must be subtracted. 
The actual procedure is acted out in part [3] below. In order to reduce 
the number of correction terms, we shall reformulate the singular part 
of the two-point function in the finite region by reducing the order of 
the terms involved whilst keeping their singularities. Since formula 
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([^|) is correct for finite X\ and x%, only symmetric corrections to 
which are polynomials in the finite coordinates are allowed. Rewrite 
pgj) as 

* (0) (^ 2 )=4<i>g^ 

32 {X1-X2P 
+ 0^12/2(1)7- 777 + 7V 1 ) 



(xi~x 2 ) 4 4 X '(xi-^) 4 
1 Pi + 2yi 



16 (#1 - X 2 ) 2 

+ i Pl + %l2/2 +/ 2 (yxP^ + 2/2/f dd) ) • (24) 

The first term on the r.h.s. is replaced by a new term of milder 
divergency when we subtract ^ times the symmetric polynomial 

(Pi -P2) 2 _ P1P2 
(xi - x 2 ) 4 (xi - x 2 ) 2 ' 

The terms oc (xi — X2) 2 are dealt with as follows: Let a, b be polyno- 
mials in one variable. Then we have 

a 1 bi+a 2 b 2 axb 2 + a 2 h 

— — -5- + polynomial. (26) 

{X1-X2Y {X1-X2Y 

In the present situation, (|26[) generalises to terms including y^ as 
follows: We have 

yiPj odd) +y2P^ dd) 
(xi - x 2 ) 2 

p(odd) p(odd) p(odd) p (odd) -, 



(.Ti-x 2 ) 2 ari-ac 2 Xi - x 2 yi + y 2 



so 



^7^ ± ^(2/i^ (0dd) +^ (0dd) ) 

i6 (xi - x 2 y 

. 1 2/12/2 , n(odd) . D (odd)x 
+ o 7 X2 yi P l + ) 

8 (xi - x 2 y 

1 Pi +P2 , p (odd) p(odd)s 

+ \^nm {yiP io dd) + y2P ( odd)) 



(x\ - Xi) 



,(odd) p(odd) 



1 / . x Pi - P2 rj - 
+ 77 2/1+2/2 • (27 

16 Xi — X2 Xi — X2 

The term ~ yxyi fits well with that in line (|2"4l and provides (TT71) . 
while the last summand is absorbed in a redefinition of y\P^> {x\ , X2)+ 
2/2 -P^H^i; ^2) (with too high order terms cut off). 
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To lower the number of correction terms, we shall make use of the 
even polynomials p( even ) and p( odd ) inroduced in (QJJ and the pre- 
ceding Lemma. Thus we shall replace 

c m P1+P2 
o 2/12/2(1) 



c ^P^Ux^ 3c Wl ^P iodd) '(V^) 

+ 32 yi2/2(1) (x7^? + M yiV2{Xl + X2){1) W^tf 

p^X/x^ c wix p(° dd )"(y^) 

+ V V1V2{1) (xx ^ yi2/2(2:i 2)< ) 

(28) 

+0(1). 

We apply the same method to (yiP^ ^ + y 2 -Pi° dd ' > ), from 

1 Pi +P2 / p (odd) p (odd) 

1 / p (cvon) (V^i) 1, , P (odd) (V^i) 
8^ (n-sa) 2 +2 ( ' Xl+a;2j (n-ia) 

+ 0(1). 



(29) 



Likewise, to lower the degree of the term ~ y\y 2 (x\ —X2) 2 (P| even ) 
p^(even) ^ ^ e two-point function, we make use of the even polyn 
mials n(° von ) and lL odd ) introduced by jT3J. Then 



^ p(even) p(even) 



72/12/2- 



2 



(xi - Z 2 ) 

c /n(° von )(V5T^2") , 1, ,ii {odd) (V^)\ 

= { ( Xl - X2 )2 + 2^ + ^ fr-X,)' J 

(30) 

+ 0(1). 

Note that the 0(1) terms in {25} and ||5DJ are all polynomials 

in xi,x 2 and yi,y 2 . 

Formula (|2"3"|) with the replacements performed using ([231) , (j2"5)) , (|2"B1) , 
(|2T|) and ([3T)]l yields the singular part R(xi,x 2 ) of the claimed for- 
mula. 

3. We first subtract all terms from R which are of non-admissible order in x%. 
These depend polynomially on x 2 because this is true for [(xi — X2) ] >k 
with I 6 N, k € Z, (x% large), and may depend on y 2 . From the result 
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we subtract all terms of order > n — 3 in x 2 . Thus the corrected rational 
function reads 



R - l R ]>n-3 ~[R- { R }>n-3\ 

=R-[R] >n _ 3 -[R] >n - 3 +[[R 

where we must have 



>n-3 



I >n-3 



>n-3j 



I >n-3 



[R 



>n-3 



>n-3 



(31) 



[lR]>n-3 

In addition we allow for a symmetric contribution of the form 

P<-°\x u x 2 ) +yiP [1) {x 1 ,x 2 ) + y 2 P (2) {x u x 2 ) +ymP (ia \xux 2 ) 

which is specific to the state. The degree and symmetry requirements for 
the PW are immediate (noting that ^^—^ is an integer). 

In the following we list the correction terms: 



Pi 



P 



(xi - x 2 ) 2 

(even) 



>n-3 



Pi 



(xi - x 2 f 



>n-3 



P2 



(xi - x 2 ) 2 

>n-3 

1 

+ o^2 



>n-3 



P 



(odd) 



Pi 



(xi - x 2 ) 5 



(32) 

1 >*-3 



>n-3 

(33) 



In addition, we have (we only list the —yi [R] > ri_ 3 contribution here) 

r 1 (nAA\' / 

3c 



64 



1 



yw2 



X!(l) 



(odd) 



»yiR 



16 y 2 



(xi - x 2 ) 2 

P (cvcn H^xJx^) 
(xi - x 2 ) 2 



J >*-3 



>S-3 



+ ^ yi x 2P 2 



(odd) 



64 yiy2 



X!<1) 



P (odd) (v^I^) 

(.Xi - x 2 ) 2 
(xi - x 2 ) 2 

P (° dd )"(y^) 

(xi - x 2 ) 2 



J >5-3 



>¥-3 



J >*-3 



04 



2/1 y2 



•''1 



n^Hysr^) 

(xi - x 2 ) 2 



(34) 
(35) 
(36) 
(37) 
(38) 
(39) 



J >*-3 



Terms originating from (jTTJ) : 

When n is odd, then A Q = -§ (n 2 - l)a (l), so (02) and (03]) yield 



-~a (xr 2 P 2 + xr 2 P x ) - ^(n 2 - l)a 2 xr 2 x«- 2 
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Terms originating from (|27p: 
dHSI) yields 



1 



T~!J 7 — 3 n(°dd) - 1 - # — 5 $"3 r>(°dd) 

yiaixl 2 x 2 2 P^ ' + -y 2 aixl 2 x 2 2 *P{ '. 



P5]> yields: 



dSZJ) yields: 



— 2/iaox- 2 2 £ 2 2 P 2 V + — y 2 a xf x 2 2 2 P^ ; . 



Terms originating from 
and O yield 



n_3 n_5 \ 21 — 1 21 — 1 

■^ym(n 2 - l)a Q xl 2 x 2 2 2 = --yiy 2 Aox? 2 x% 2 . (40) 

Term originating from (130^ : 
(P| yields 

1 a_3 
gVmAox? 2 x 2 2 . 

The term cancels against (|4"0"]) . 

4. (fl~5|) determines the degree of the polynomials p(°'(xi, x 2 ), P^(xi,x 2 ), 
P( 2 \x\, x 2 ) and P^' 2 '(xi, x 2 ); the symmetry requirements are immediate. 

□ 
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5.1 Application to the (2,5) minimal model, for n = 5 

In Section [3] we introduced the normal ordered product 
N (fi,ip2)(x2) = lim [(pi(x 1 )(p 2 (x 2 )] 

Il->I2 5 ' 

of two fields ipi, tp 2l where [ipi(xi), <P2(x2)] Ieg is the regular part of the OPE 
for (fx, ip2- In particular, (Nq(T,T)(x)) can be determined from Theorem 12131 

Lemma 9. N (T,T) oc d 2 T implies c = and 

N a (T,T)(x) = ^d 2 T(x). (41) 
Proof. The statement is local, so we may assume w.l.o.g. g = 1. In this case, 

p(cvo„) = _ 4ca ,( 1 ) + p(odd) = Q) 

by Theorem HI (I2b[) . Using Corollary [S] and the transformation rule we find 

(T(,)) = 4^(D-c W ^ + ^, 
d2 p z p p 

where by (JT]) , (T) = ^ . Direct computation shows that 

(N (T,T)(x))=ad 2 (T(x)) 

iff a = and c = — 4? . Since by assumption the two fields are proportional to 
one another, the claim follows. □ 

The aim of this section is to determine at least some of the constants in the 
Virasoro two-point function in the (2, 5) minimal model for g = 2. 

We will restrict our considerations to the case when n is odd. (Though 
we know more about p( G " e ™ n ) when n is even this knowledge doesn't actually 
provide more information, it just leads to longer equations.) 

For n = 5, all Galois-odd terms are absent. Specializing to Galois-even 
terms, condition (|4"Tj) reads as follows: 
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Lemma 10. In the (2, 5) minimal model for g > 1, we haw 



7c [p"] 2 7c p'p'" , c 



10-64 w p 2 15-64 w p 2 24-64 p 

In" "in 1 'i p(even)" 

j ^_P_p(G-even) , g P p(even)' _ 6 f_ 

5 • 4 p 2 5 ■ 16 p 2 5-32 p 

^ / p(even) 2 p(odd) 2 \ 



16 \ P 2 P ) 

i ~,n— 2 i ™2n— 
„ p(G-even) A n 

-a — o - -^^ - -A a — =- 

4 p 2 8 p 2 

Z' Jj(euen)' _|_ x jj(od<i)' N 

ID V J 



8-32 zp 
c 1 
64 xp 



(e-uen)" 

E 1 _ p (oddy 




X 



hp (odd)< 



pW(x,x) P^ 2 \x,x) 

P Z p 



In particular, the terms on the l.h.s. of order — k for k = 4, 5 drop out. 

Note that the equation makes good sense since the l.h.s. is regular at x = 0. 
For instance, n( evon ) is an odd polynomial of x, so its quotient by x is regular. 

Proof. Direct computation. Since according to Theorem [21 

deg P (0) (x, x) = 2n - 6, deg P (1 ' 2) (x,x)=n-7, 

the terms on the l.h.s. of order —k for k = 4, 5 must drop out. □ 

Example 3. We consider n = 5. i/ere 

degP (0) (2:,a;) = 4, 

ana P^ 2 \x,x) is absent. Thus we have 5 degres of freedom. One of them is 
the complex number (1), and according to Theorem ] 1131 at most 3 of them are 
given by (T(x)) . Set 

P {0 \x l ,x 2 ) = B %2 x\x\ 

+ B 2 ,l[x 1 X2 + X\X 2 ) 

+ B 2 (x 1 + x 2 ) + B\^\X\x 2 
+ Bi(xi + x 2 ) 

+ B , B ,Bi,B i} j G (1)C, i,j — 1,2. 

The additional constraint J^i[ ) provides knowledge of 

P (0) (x, as) =P 2 ,2£ 4 + 2P 2i ix 3 + (2B 2 + B 1A )x 2 + 2B r x + B a 
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only, so we are left with one unknown. We will see later that all constants can 
be fixed using (J^TJ) when the three-point function is taken into account. 

6 The connected Virasoro iV-point function 

Let X be the hyperelliptic surface 

X: y 2 =p(x). 

We now give a recursive definition of the connected ./V-point function of fields 
¥>i,-,(f TV- 
Definition 11. For N > 1, we denote by (lpi(xi)...cpn(xn)}c the connected 
N -point function of the fields (pi, (p^. It is defined recursively by 

(l)^ 1 (ipi(x 1 )...(p N (x N )) 

in — 1 

H J\_{ ( Ps hr+1 {x Shr+1 )-'Ps kr+1 {x Skr+i )) c . (42) 

{{^ r+ i,...,^ r+1 }; n = To 1 } r=0 

partition of { 1, . . . , N } 

For N = 1 and N = 2, we have 

(^)) c =(f)- 1 (^(x)), 
(<Pi(xi)ip 2 (x 2 ))c =(l)~ 1 (pi(x 1 )ip2(x 2 )) - (f)~ 2 (^1(2:1)) (<p 2 (x 2 )), 

respectively. Thus (T(xi)T(x 2 )) c has a fourth order pole at x\ = x 2 which 
comes from the OPE (J3J) for (T(xi)T(x 2 )), and no further such pole. 

Theorem 3. Let N > 3. Then the connected N -point function (T(xi)...T(xn))c 
has no fourfold pole. 

Proof, (by induction) We show that for N — 3, (T(xi)...T(xn)) c has no fourfold 
pole at x\ = x 2 : 

(T(x 1 )T(x 2 )T(x 3 )) c 
= (f)- 1 (T(x 1 )T(a; 2 )T(x3)) - {T{ Xl )T(x 2 )) c (T(x 3 )) c 

- (T(x 2 )T(x 3 )) c (T( Xl )) c 

- (T(x 3 )T( Xl )) c (T(x 2 )) c - (T( Xl )) c (T(x 2 )) c (T(x 3 )) c , 

so the fourth order pole of (l)^ 1 (T(xi)T(x 2 )T(x 3 )) at x\ = x 2 cancels against 
that of (T(xx)T(x 2 )) c (T(x 3 )) c . 

As the inductive hypothesis, all i-point functions for 2 < i < k have no fourth 
order pole at x\ = x 2 . The term (T(xi)T(x 2 )) c (T(x 3 )...T(xk+i)) c makes the 
fourth order singularity of (l)~ 1 (T(xi)...T(xk+i)) at x\ — x 2 drop out. But 
all other connected i-point functions containing the pair T{x\) and T(x 2 ) have 
i < k. □ 

While it has no fourth order pole, (T(xi)...T(xm)) c (N > 3) has second 
order poles. On X, a pole at x\ = x 2 occurs only when y± = y 2 . 
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Lemma 12. For N > 1, on any chart of X where x is a good coordinate, we 
have the Galois splitting 

(T(x 1 )...T(x N )) c = R( G - even Hx 1 )+y 1 R( G -° dd >( Xl ), (43) 

where R( G - even ) an d p^G-odd) are ra ti ono \ functions of x\. 

Proof. Eqs {TDJ) and 02} . □ 

6.1 The connected Virasoro 3-point function 

Within this section, let [T(x 1 )T(x 2 )] Teg + {T{x l )) c {T{x 2 )) c be the regular part 
of the OPE onl, 



c ( yi + y-z 



T(x 1 )T{x 2 ) PiP2-(T(xi)) c (T(x 2 ))cPiP2 

4 

, 1 ( 44 ) 
32 \Xi — x 2 J 

1 (V\ +V2~\ 2 [rr, \ c [pi] 2 c [p 2 ] 2 



4 \xi - x 2 / l_ 32 pi 32 p 2 

+ [T(a; 1 )T( a;2 )] reg . Pl p 2 . (45) 

Theorem 4. Let X g be the hyperelliptic surface of genus g > 1, defined by 

X: y 2 =p{x), 

where p is a polynomial of degree degp = n = 2<? + 1, or n = 2g + 2. 

1. When n is odd, 

(T(x 1 )T(x 2 )T(x 3 )) c p lP2 p 3 = OK" 3 ). (46) 

2. In £/ie region where x%, x 2 , x 3 are finite, the connected Virasoro three-point 
function is given by 

{T(xi)T(x 1 )T(x 3 )) c p 1 p2P3 = R ( - '(x 1 ,x 2 ,x a ) + 0(l)\ XltX2<X3 , 

where the 0(1) terms are polynomials in xi,x 2 ,x 3 and y\,y 2l y 3 , and 
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is the rational function of Xi,x 2 ,x 3 and 2/1,2/2,2/3 given by 

eS»\x u x 2 ,x 3 ) ( ( ^l) 2 ( V -^X 
M\x 1 -x 2 ) \X1-X3J \x 2 -x 3 J 

Yp^n ) 2 (d- i (p 2+ p 3 ) 

64 \xi - x 2 J \xi- x 3 J 

4(^)7^) 2 d)- i (p 1+ p 3 ) 

64 \xi -x 2 j \x 2 -x 3 J 

+^f^^)7^^) 2 (i>- i (p 1 +p 2 ) 

64 \xi - x 3 J \x 2 -x 3 J 

+ (l)- 1 ([T(x 2 )T(x 3 )] reg )p 2P3 ) 

+ K^) 2 ( (irl<[T( ^ ims2)l - )pip2 

+ (l)- 1 {[T{x 2 )T(x 3 )] reg )p 2P3 ) 

+ i (S^S) a ( <l>_1<[r(a!i)r(!Ba)] "«'.>^ 

+ (l)- 1 ([T(x 1 )T(x 3 )] re9 > lP3 ). 

5. For odd n, 

(T( a ; 1 )T(x 1 )r(x3)) c pip 2 p3 

=i?(°>(zi,x 2 ,x 3 ) 

d(0) , d(0) 
-itj + it 12 

d(0) , R (0) 
n 2 "t" -n-2, 3 

— -R3 ' + i?i 3 — -^1,2,3 

+ P (0) (X 1 ,X2,X 3 ) 

+2/iP (1) (xi,x 2 ,x 3 ) + 2/2-P (2) (a;i,a;2,a;3) + 2/3-P (3) ( x i> x 2, x 3 ) 
+yiV2P {h2) {xi ,x 2 ,x 3 ) + yi y 3 P {h3) (an , x 2 ,x 3 ) + 2/22/ 2 P (2 ' 3) {xi ,x 2 ,x 3 ) 
+yiV2V?,P (? ' ) (xi,x 2 ). 

Here for i = 1,2,3, and for any rational function Q of Xi and yi, 

:=7r n _ 3 ,i(g (G - eoen >) +Vi ^^ 3 AQ (G -° dd) ), 

where the Galois splitting refers to X{. nk,i is the projection onto the part 

of order strictly larger than k in Xi as Xi — > 00, and Qij := [Qi]j. 

pW ; p(*J) (i < 2), andPW, P^ are state- specific polynomials inx\,x 2 ,x 3 
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with 



degpM = !L_ 3 inxi, degP^ = n — 3 inn, fc 7^ i, 

degP^'-^ = — 3 inxi,Xj degP^ 1 '^ = n — 3 inxk, k ^i,j 

/ 3 \ n — 1 
deg P^ ; = — 3 in each x\,X2,x 3 . 

Moreover, we have Ri 3 = R31 and R\2 3 — R231 — R312, and P(°\ P^ as 
well as 

yiP {1) (x 1 ,x 2 ,x 3 ) + y2P^\x\,X2,x 5 ) + y 3 P (3 \xi,x 2 ,x 3 ), 

and 

Viy2P {1 ' 2 \xi 1 x 2l xz) + yiy 3 P^ 1 ' 3 \x 1 ,x 2 ,x 3 ) + y2y2P {2 ' 3 \x 1 ,x 2 ,x 3 ) 
are invariant under permutations of X\ , X% , X3 . 
Proof. 1. By the argument (|T5|) . applied to the three-point function, 

[{T{x 1 )T{x2)T{x 3 )) c p 1 p2p 3 ] n _2 = 0. 

2. We refer to general discussion in the proof of Theorem [2l In order to 
establish the singular part, we shall consider the locus x\ = X2 and sym- 
metrize the resulting formula by adding terms that are 0(l)|xi=x 2 (but 
may be singular in other pairs of coordinates). So 

(T(x 1 )T(x2)T(x 3 )) c p lP 2P3 = R {1) {x ll X2iX 3 ) + 0(1)| 

where by (gSJ) and (|15]). 

R {1 \xx,x 2 ,x 3 ) 

(T(x 3 )) c p 3 



32 \x\ — X2 

1 ( yi + y% 



4 V x\ - x 2 



[{\)- 1 {T{x 1 )T{x 3 ))p 1 p 3 + {l)- 1 {T{x 2 )T{x 3 ))p2P 3 

-(T(x 3 )) cP3 - — (T(x 3 )) c p 3 \ 

32 no J 



32 P\ " 32 V 2 

-(l)- 1 (T(x 1 )T(x 2 )) (T(x 3 )) c p lP 2 P3 . 

The term ~ ( yi + V2 ) drops out. According to eq. (H), we have 

(T(x 1 )T(x 2 )) pip 2 - (T(xi)) c (T(x 2 )) c (l)pip2 



32 — X2 / 16 \xi — x 2 

+ ([T( Xl )T(x 2 )}) p lP2 . (47) 
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Using eq. (|4"5)) , applied to the tensor product of the Virasoro field at the 
position (xi,x 3 ) and (x2,x 3 ), respectively, and eq. ([7]), we obtain 

R( 1 \xi,x 2 ,x 3 ) 

i / y\ + y-2 \ 2 r c / j/i + j/ 3 \ 4 , c / y 2 + 2/3 



-){- 

!/ 132 



4 yxi — X2 J L 32 \a;i — x 3 J 32 \a; 2 — X3 

2 



1 / 2/1 + 2/3 



16 \35i — 



16 V^a - ^3 



" 1 (P 2 + P; 



(l)- 1 ([T(x 1 )T(x 3 )] rcg ) p lP3 + (l>- 1 ([T( 2 ; 2 )T(x3)] rcg ) p 2 p 3 

3<» 



1 A 2/1 + 2/2 



1 (P 1 +P 2 )(T(x 3 )) cP3 } 
Pi+P2)(T(x 3 )) cP3 , 



■ 

16 \Xi — X2 7 

where the last two lines cancel out. Write P2 = P± + 0(x\ — X2) and add 



64 \xi - x 3 j \x 2 - x 3 
Moreover, add 



1 ( yi + V3 



4 \Xi - x 3 
1 / 2/2 + 2/3 



2 



(I)" 1 



T(xi)T(x 2 )] ieg ) P1P2 + ([T(x 2 )T(x 3 )] reg ) P2P3) , 
l)- 1 (([T(x 1 )T(x 2 )l cg ) PlP 2 + ([T^ijT^a)]^.) Pips) ■ 



4 \x 2 - x 3 
We replace 

2/1 + 2/3 \ 4 . / 2/2 + 2/3 V „ / 2/1 + 2/3 \ " / 2/2 + 2/3 



21-23/ \ £2 — 2:3/ V 21-353/ \a;2-a;3 



0((xi - a; 2 



,2\ 



where we may omit the 0({x\ — X2) 2 ) term since the resulting expres- 
sion is already symmetric in all coordinates. This yields the function 
R^(xx, 352, x 3 ) defined in the claim. 

The corrected rational function reads 



[R^-R^h 



-[RiV - R M - [R(S>) - R M] 2i ., 

The expression must be symmetric in all three variables. Since there is 
no preferred coordinate, requiring i?fj°g = R^\ ensures R\ °j — R^ for 

any i,j e {1,2,3}. Moreover, requiring R^l 3 = R 2 ° 3 1 = R 3 °\ 2 suffices 
to establish invariance under any permutation of indices. The symmetry 
requirements for the P«, P^) (i < j), and p(°), P^ are immediate. 
The degree requirements for all polynomials listed in the claim follow from 

□ 



24 



6.2 Application to the (2, 5) minimal model, for n = 5 

Theorem 5. We consider the (2, 5) minimal model on a genus g = 2 hyperel- 
liptic Riemann surface 

X: y 2 =p(x). 

There are exactly 4 parameters, given by (1) and (T(x)}, and all other constants 
in the two- and three-point function are known. 

Proof. W.l.o.g. n = 5. In this case the two-point function in the (2, 5) minimal 
model has been determined previously, up to one constant, cf. Example [21 In 
the three-point function, only P^(x\, x 2 , x 3 ) is present. Set 

P {0 \x 1 ,x 2 ,x 3 ) =B 2 a,2x\x\x\ 

D / 2 2 ,2 2, 2 2\ 

+-02,2,1(^1^2^3 + ^1^22:3 + XxX^z) 

+ B 2 s,i{x\x 2 X 3 + X\x\x 3 + XiX 2 x\) 

D (22, 22, 2 2\ 
+ ti2,2,0\X 1 X 2 + X X X 3 + X 2 X 3 ) 

+-62,1, 0(^1^2 + x x x 3 + XiX 2 + XiX 3 + x 2 x 3 + x 2 x 3 ) 

+ -814,1 XiX 2 X 3 

+B 2 , ,o(xj +x\+ x%) + Bi, 1,0(2:12:2 + xix 3 + x 2 x 3 ) 

+ -61,0,0(2:1 + ^2 + X 3 ) 

+B ,o,o, />'-.,/ • (1>C, i,j,fce{l,2}, k<j<i. 

The constraint eq. (|4"Tj) provides the knowledge of 
P (t) \x 2l x 2 ,x 3 ) =B 2a . 2 x\x\ 

+B 2i2 ,i (xix 3 + 2xlxl) 

+2B 2AA x 3 2 x 3 + (-B 2 ,i,i + 2B 2 , 2 ,o)x 2 2 x 2 3 + B 2 , 2 $x\ 
+252,1,0(2:1 + x 2 x\) + (Bi,i,i + 2B 2 ,i,o) x%x 3 
+(-81,1,0 + 2B 2 ,o,o)2;2 + -82,0,02:3 + 2_Bi, 1,02:22:3 
+Bi, ,o(2x 2 + x 3 ) 
+-Bo,o,o, 

(obtained in the limit as x\ — > x 2 ), and thus of all 9 coefficients. Thus the 
three-point function is uniquely determined. Since ([T(xi)T(x 2 )] l . cs ) p\p 2 is 
just the 0(l)\ Xl=X2 part in the connected two-point function, eqs (|22l) and (|4T|. 
the remaining unknown constant in the two-point function is determined using 
Theorem HJ □ 

7 Graph representation of the Virasoro TV-point 
function 

Theorem 6. For N > 1, let S(x\, ...,xn) be the set of graphs with N partially 
linked vertices X\, xn , where (i,j) is an oriented edge between (xi, Xj), subject 
to the condition that every vertex has at most one ingoing and at most one 
outgoing line. There is a C(U N ) linear map 

(...) r : U N (U N xF^ w ) ^C{U N ) 
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satisfying (l...) r = (...) r such that the N -point function can be written as 

(T(x 1 )...T(x N ))p 1 ...p N = Yl F ( r )' 

res(x u ...,x N ) 

where for T e S(x\, .., Xn), 

x ( n v ^ n T (*t)pt 

\keA N nE N c £e(A N uE N y 

Here An and Em are the sets 

An |3 j such that(i,j) e T}, 
En |3 i such that(i,j) e T}. 

Moreover, 

Outside the zero set of p, (...) r is regular and takes values in the polynomials. 

Proof. The function f{xi,Xj) reproduces the correct type of singularity on X. 
Since every vertex may have only one ingoing and one outgoing line, for every 
(i,j) G r and every T £ S(x\, .., Xn), f(xi, X j) occurs to zero'th, first or sec- 
ond power, as required by the OPE of the Virasoro field. We will show that 
Sr^r E{T) reproduces the correct singular part of {T(xx)...T{xm))pi---Pn pro- 
vided that for the graph T € S{x\, ..,xjv) whose vertices are all isolated, 

F(T ) = (T( Xl )..T(x N )} rPl ...p N 

is regular and equals the regular part of (T(xi)..T(xn)) Pi---Pn- Here by regu- 
larity we refer only to coinciding positions, while we allow for singularities where 
x is not a good coordinate. In fact for N — 1, T is the only graph, and 

(T(x))p= (T(x)) r p. (48) 

For N = 2, the allowed graphs form a closed loop, a single line segment with two 
possible orientations, and two isolated points. According to the above formula, 
writing f l} = f(xi,Xj) and using f t] = f JU 

{T{x 1 )T{x 2 ))p 1 p 2 =~fUl) r 

+ \fl2((V 1 ) r + (V 2 ) r ) 

+ (T(x 1 )T(x 2 )} r p lP2 

So (T(xi)T(x 2 )) r pip 2 is regular iff the remainder displays the singular part 
correctly. By linearity of (...) r , 

(^)>r = <T(x)) rP -^^<l) r) 
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so the singular part is correct provided f|48[) holds and (l) r = (1). 

For N — 3, (T{xi)T{x 2 )T(x 3 )) r is regular and equals the regular part of 
(T(xi)T(x 2 )T(x 3 )} (as two positions coincide) iff 

Y^/l2/23/3l(l)r + Y^/l3/32/2l(l)r 

c c 

+ ^fl2f2l{T{x 3 )) r p 3 + —f2lfl2(T(x 3 )) r p 3 + ... 

+ ^hlfl2(V 3 ) r + ^f 2 lfl 3 (V 2 )r + - 

+ \fl2(V 1 T(x 3 )) rP3 + ^f2l(V 2 T(x 3 )) rP3 + ... 

equals the singular part of {T(x\)T(x2)T(x 3 ))piP2P 3 (since the expression is 
symmetric, it is sufficient to list the terms involving $12). We have 

c \v'1 2 

{V 1 T(x 2 )) r P2 = (T(x 1 )T(x 2 )) r pm ~ ™ — (T(x 2 )) r P 2 , (49) 

32 p 2 

so by comparison with the actual three-point function we find that the singular 
part is correct provided (T(xi)T(x 2 )) r and (T(x 2 )} r & re as previously deter- 
mined. We may assume (T(xi)...T(xk)} r is known and regular for k < N. 
Then the obvious generalisation of (|49|) shows that 

( n pfa) n n*t)pt) 

\keA N nE N c ee(A N uE N )" I 

is regular as two positions coincide. We have established 53reS(a;i x N ) ^CH 
as a candidate for the Virasoro TV-point function, and it remains to check that 
the coefficients of the singularities match. Suppose the graph representation is 
valid for the fc-point function of the Virasoro field, for any k < N. By the OPE 
on X, we have for any field (p, 

(TiT 2 <p) = ^&{<p) + \fa({Vi<p) + (V 2 tp)) + reg. 
The set of graphs of N vertices decomposes as 

S(xi,...,Xn) = 5(12) U 5(1,2) U 5(2,1) U 5(i), ( 2 ). 

Here 5(i2) = 5 (2:3, xn) is the set of all graphs with a loop between x\ and x 2 , 
5(i,2) (resp. 5(2,i)) is the set of all F £ S(x\...,Xn) containing the link from X\ 
to X2 (resp. from X2 to X\) but not the one in the opposite direction. Eventually 
5(i). (2) is the set of all graphs which have no link between x\ and X2 at all. The 
equality 

E F(T) = ~fMT(x 3 )...T(x N )) 

reS(i2) 

is immediate. It remains to verify 

E F ( r ) = \ hi (V 2 T(x 3 )...T(x N )) P3 ... PN + 0((i x - x 2 y 1 ). 
r£S(ii,..,nv)\s (12) 
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Given the invertible contraction maps 



¥> ■ 5(1,2) -> S , (x 2 , ...,Xat), 
^ : 5(24) ->• 5(x 2 , ...,x N ), 



we have to show that 



F(^- 1 (r)) + ^- 1 (r)) 

reS(x 2 ,..,a;iv) 

res(x 2 ,...,x]v) r'es(x 3 ,...,x]v) 

Let 

S(x 2 , ...,a;jv) = 5(2) (#2, —,x N ) U 5 (2 )(x 2 , ...,X]v) c 

be the decomposition into the set 5(2) (#2, —,xn) of graphs containing x 2 as an 
isolated point, and its complement. If T € 5( 2 )(x2, ... 7 xn) c , then 

F(^- 1 (r)) + F(^- 1 (r))= ^F(r). 

Otherwise 

F(<p-\T)) + F(<p-\T)) = S -f F(T) ~ f -f^£- F(x(m 
by the definition of V . Here \ is the isomorphism 

X- 5( 2 )(x 2 , ...,Xiv) -> S(x 3 , ...,x N ) 

given by omitting the vertex x 2 from the graph. □ 
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